
SOLUTION TO THE PROBLEM OF TRANSIENT ASYMMETRIC 

HEAT CONDUCTION IN A TWO-LAYER HOLLOW CYLINDER 

OF FINITE LENGTH 

R.  P .  S h p e r l i n g  UDC 536.24.01 

The problem is solved by the method of finite integral t ransformations with a symmet r i c  initial 
and boundary conditions, when heat  is generated. 

We consider  the problem of determining the temperature  distribution in a two- layer  hollow cylinder 
of finite length with an a rb i t r a ry  mode of heat  generation both inside the volume of the cylinders and at  their  
interface,  with power densi t ies  

Q = j  Q~ at rE(r~_~, ri), 0-<r O < z < l ,  t > O ,  
/ �9 S : a t  r = r l ,  O - < q ~ . < . . 2 n ,  O < z < l ,  t > O  

(i = 1; 2). 

The solution to this problem must  sat isfy the equation 

a~ aTi = AT i + Qi , at ~ rE(r i - l '  Q)' O.<.q~-.<2:x, O < z < l ,  t>O,  (1) 

where 
h = 6z I a ~ 1 0 ~ + O 2 a? 

Or~ + . . . . . .  , , r Or r ~ 0r 2 Oz 2 

the initial condition and the boundary conditions 

T (r, % z, 0 ) =  f (r, % z), 

c,p,_ = const, 
ki 

also the contiguity conditions 

O T - - - Z - + a t I T i - - ~ ( %  z, t)] = 0  at r = r  i, 
Or 

cz l = - h  1, a ~ = h  v ] =  { 2, i f0 '  if ii ----- 2,1' 

T(r, % z, t )=T( r , q~+2a ,  z,t), 

aT i 1 
- Xl (r, % t) at z = 0,  

Oz k i 

T i=%i+~(r, g, t) at z l, 

(2) 

(3) 

(4) 

(s) 

T I = T  v k  10T1 k 20TA- = S  at r = r  v (6) 
Or " Or 

Functions • and Xi+ 2 must  sat isfy  the contiguity conditions 

xq+1 = I - at  r = r ,  (q = 0;  2 ) .  (7)  

As is well known, finite integral transformations are applied to independent variables within finite 
intervals. The variables r ,  ~p, z in this problem can be eliminated by a finite integral transformation 
which will help to reduce the problem to a boundary-value problem for an ordinary differential  equation. 
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According to the general  theory of finite integral t ransformations,  the t ransform kernel  will be eigenfune- 
tions of the corresponding S turm-Liouvf l l e  problem: 

R ~  (r) cos o~z (A~p cos n~ + B.,~p sin n@, (8) 

where 
R,~p(r)= Vi'~(eOi'rn~Pr) at rE[ri_l, ri], (9) 

Oi,n ( O i , m n p r l )  

~,,~ (%~, , j - )  = [N;, (%,,, , , / .3 + ~N.  (%,. . ,~,9]  L~ {o~,,,,,,~,,-) 
- -  [ Jn (e~,mnpQ) + 6~gn (O~t,rnnprj) ] N n (co,,mn,r), (10) 

O)iTmn p 

Jn  and Nn a re  Bessel  functions and Neumann functions of the n-th order ,  

2 c iP i  2 2 ~i,~,w-- Z~n,--o,. at r E ( r . ,  Q), 
k~ 

a(1 + 2m) (11) 

3mnp are roots of the transcendental equation 

v~,. (%,m.pq) v~,. (%,m.#t) (12) 
" klO')l 'mnP Ul,lz (h ) l , rnap  F1) = k2('O2'mnp LI2,n ((02 . . . .  p?'t) " 

and Amn p, Bmnp a re  integration constants.  The pr ime sign indicates a derivative with respect  to 
( wi, mnp r)" Functions Rmnp(r) with the weight factor  r# a re  orthogonal on the interval [r 0, r~ ]: 

.Ir~Rm~pRm~pdr =0,  if ~ (13) Pl Pv 
r 

where # =  ciPi, r~[ri., l , r i ] ,  r ~ r  1,0-<~o-<27r,  0 - < z - < l .  

Concerning any function Vn(~x) which sat isf ies  the Bessel  equation, the square of its norm on the 
interval [a, b] is calculated as 

a 

Using this formula and (12), we obtain 

2 2,mnp �9 

2 It ?  ̀ 2~$  2 ~ (Oi,mnp rj) + x~r~ 1 + 22 4 ~ - - (  n ~ - h ~ r  i , 
i=t t ' -2 -  O~Lmn rl2 ~ ri~,.,,npO,.n(~Lmaprl) 

X 1 ---- ClPl ,  g$ == - -  c s p  2. 

(is) 

The t ransformat ion formulas a re  found by expanding the functions into ser ies  in t e rms  of the or tho-  
gon~l functions in the respect ive S turm-Liouvi l l e  problem. With the aid of (13) and (15), considering the 
orthogon~lity of t r igonometr ic  functions, we obtain 

~ o  .'~o ~ en~lIIRmn~[12 R.,,~p (r) cos amztTm,zR,p cos nr + Tm,2n-l,p Sin n,] ,  (16) 

where the summatton applies to the roots of Eq. (12): 

r2 2~t l 

r,OO 

{ cosn% :tf ?= 2n, (17) 
K~(cp)=t,sinn@, ifi y = 2 n - - 1 ,  ( n = 0 ,  l, 2 . . . .  ) 

2 at n=O,  
8n= i at n=/=O. 
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We now define the finite integral transformation by expression (17) with the weight factor rp, where 

W , ~ p  = R,,,,~ (r) cos % z K  v (@ (18) 

is the transform kernel. 

Equations (i) can be written as 

c~T 1 [ 1 0 (rk OT ) t 0 (k c~T 1 •  8 /k c~TII , Q (19 )  

rC(ro, G), r=/=rl, 0 ~ 2 n ,  0 < z < [ ,  t > 0 .  

We multiply each t e rm  in the differential  equation (19) by the t r ans fo rm kernel  (18) with the weight 
factor  r# ,  then integrate  with r e spec t  to r f rom r 0 to r 2, with r e spec t  to ~ f rom 0 to 2~,  and with r e spec t  
to z f rom 0 to l ,  whereupon we change the o rde r  of different iat ion and integrat ion on the lef t -hand side,  
which will finally yield 

rz 2.'~ l 

dt . .  - ~ r -  rk--~-r W~vvdrd(pdz 
ro 0 0 

r2 2~ 1 r~ 2~ t 

ro 0 0 roO 0 

where  

r= 2.,x l 

r o 0 0 

In the f i r s t  integral  on the r ight-haad side of (20) we next  divide the interval  of  integrat ion with r e -  
spect  to r iato segments  Jr0, rl] and [r 1 , r2], whereupon with the aid of (18) and (9) we obtain 

i f . . . .  = V~,,~(%,mnpG) . Or 
r o 0 0 0 0 r i .  i 

~ )Oi ,n (03 i  . . . . .  if)dr dz. 

Twice integrating by parts over the intervals inside the brackets will yield 

] i=l vi,; (% .... Pq) ~-r ~ Or ] vi'" (%'m"pr) dr = q k 1 Or " Or 
r i .  1 

kxr~v~,~ (% .... pro) [OT~ (ro, t~, z, t) ] + %T.,(G, % z, t)] v,,,, (o~,,.,,,;9 L g :  - + ~,r~ (r o, ,~, z, O_ + kr162 (% .... ~r~) lOT S (r~, _% z, 0 

[ v;'"(%'mn~rl) T,(r,, % z, t)] v1"n(%'~"Prl) T l(r,, % z, t)--kz%,rn~ p v~,n (O~,m.pq) 
- -  f l  k l ~  Ol,n (O.)l,rnnpfl) 

where  

2 ri 

+ ~=l v,,. (%,..prl) ~ 37' J 
r i -  1 

Taking into cons idera t ion  (3), (6), 
that express ion  (23) is equal to 

(23) 

o',,m.~~ 
Vl,n (O~hrnnpQ) " 

(12), and that functions v i ,n  sa t i s fy  the Besse l  equations, we find 

(24) 2 k 2 q "~ k 
,.mp(tp, z, t ) = _ ~  i%,m., S rT~v,,~ (o~i .... .r) dr + n ~ ) -~  TR'~pdr' 

ri- t 
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ap~,~ (% z, t) = rxS q- 

Insert ing expression (24) into (22) yields 

2 

(25) 

r~ 2X l r$ 2~ l 

~ ~. .f O (rk O--~T IW'~ drdtpdz=n~ f or l "p .l J r  
ro 0 0 r ,  0 0 

~ (t) - -  

2 r l  2~ l 

kiOi,mnp rT ~,IV~,mvpdrd~dz, 
i = 1  

r i . t )  0 

( 2 6 )  

2~ l 

0 0 

(27) 

We t rea t  the second and the third integral on the right-hand side of Eq. (20) analogously, i .e. ,  we 
divide the integration interval into [r 0, rl] and [r i , r2], then twice integrate by par ts  the second integral 
with respect  to z and the third integral with respect  to ~0, which with (5) yields 

r~ 2~ l r~ 2~ l 

r o 0 0 .... ro 0 0 

rz 2~  I 2 r i 2zr l 

y;.Ir o 
ro 0 0 i = l  ri.~O 0 

where 

(28) 

(29) 

r2 2~ 

X~vp (~') = .f .f rk~ (r, r t) R~,p (r) K v (cp) drdcp, (30) 
r o 0 

Z(r, % t ) =  1 - ~ ( r ,  r t)+(--l)m~m~+2(r, % t), rC[ri_l, Q]. (31) 

Insert ing the values of (26), (28), and (29) into (20), with (11) taken into consideration, we obtain an 
ordinary f i r s t -order  differential  equation in the t ransform variables:  

dTm~p(t)dt ~_ k 2 p  T~,p(t) = q)m~,p (t), (32) 

where 
�9 ,,~p (t) = ~ Z ~  (t) + X~p (t) + Q~p (t). (33) 

The solution to Eq. (32) is 
t 

(t)= exp + I exp ( ] (34) 
o 

The integration constant DmT p is determined from the initial condition (2), which becomes within 
the range of the t ransform variables 

r~ 2~ l 

D~vp = T-m~p(0)=S ,f .f rp[(r, % z)PT~pdrd(pdz. (35) 
ro 0 0 

Thus, the final solution to the problem is ser ies  (16) with TmTp(t) defined by expressions (34)-(35). 

We will show here  a few formulas of integral t ransformat ions  and corresponding inverse t r ans fo r -  
mations for the case of a two-layer  hollow cylinder of finite length. 

1. With boundary conditions of the f i r s t  kind at  the end surfaces 

Til~=o = Xi, Til ~=l =Xi+~, (36) 

the integral t ransformat ion is per formed according to 
r~ 2~ l 

m r ~  

F~p = R~p (r) sin ~zK~ (~p), ~,~ -- 
l 

(37) 

(3S) 
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and the inverse  t ransformat ion  is 

E~. .d~ ~ 2 
T = 8=~(IIR~,~,II~ R.,~p(r) sin%z [T-m;~,,,pCOSnq~ ,-f- Tm,~.~_~,psinnq~]. 

m = l  ?~=0 p = l  

2. With boundary conditions of the second kind at  the end surfaces 

O T  i 1 aT~I 1 Xz ' = Xi+2, 
aZ " [z=o k i  aZ z::l ]~ 

the integral t ransformat ion is per formed according to 

and the inverse  t ransformat ion  is 

r~ 2~  l 

ra 0 0 

,.=o .=o .=i ~ / I [R '~p  [l~ 
cos n q~ + T-~,~,.,p sin nq~] . 

3. ~With boundary conditions of the f i r s t  and the second kind at the end surfaces  

aT~ 

the integral t ransformat ion  is per formed according to 

r z 2~t l 

ro 0 0 

=(1 + 2m) 
21 

and the inverse  t ransformat ion  is 

(39) 

(40) 

(4~) 

(42) 

(43) 

(44) 

T = V ~ ~ 2 Rm, p (r) sin Om z [~r~,2~,p cos n~ §  sin n~]. (45) 
m = 0  a ~ O  p = I  

The summations in (39), (42), and (45) apply to the roots of Eq. (12). Instead of condition (5) in prob-  
lem (1)-(7), in these three cases  we consider condition (36), (40), and (43)respectively. Similar formulas 
for a homogeneous hollow cylinder of infinite length were given in [1]. 

Ti  
r, ~, z 

t 
a [  1 

ki 
hi 
l 
r 0 
rl  
r2 

N O T A T I O N  

is the tempera ture  of the i - th  cylinder,  (i = 1, 2); 
a re  the cylindrical  coordinates;  
is the t ime;  
are  the thermal  diffusivity coefficients;  
are  the thermal  conductivity coefficients; 
are  the coefficients of external heat  t ransfer ;  
is the length of cyl inder;  
is the inside radius of inner cylinder;  
is the radius of interface between cyl inders ;  
is the outside radius of outer cyl inder.  
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